We consider the critical system with a point defect and study the variation of thermodynamic quantities, which are the differences between those with and without the defect. Within renormalization group theory, we show generally that the critical exponent of the internal energy variation is the specific heat exponent of a pure system, and the critical exponent of the heat capacity variation is that for the temperature derivative of specific heat of a pure system. This conclusion is valid for the isotropic systems with a short-range interaction. As an example we solve the two dimensional Ising model with a point defect numerically. The variations of the free energy, internal energy and specific heat are calculated with bond propagation algorithm. At the critical point, the internal energy variation diverges with the lattice size logarithmically and the heat capacity variation diverges with size linearly. Near the critical point, the internal energy variation behaves as ln |t| and the heat capacity variation behaves as |t| −1 , where t is the reduced temperature.
I. INTRODUCTION
As we know there are many dramatic effects in the critical phenomena because of the divergence of the correlation length at the critical point [1] . For example, the specific heat has a logarithmic divergence for the two dimensional Ising model [2] . Are there some dramatic effects near the critical point when we add a point defect into the system? The answer is yes. The effects are dramatic and surprising.
Consider the two dimensional Ising model with a point defect. We focus on the variations, the difference between with and without the defect, of thermodynamic quantities. Naively, one would expect the internal energy variation δU ∝ u 0 , where u 0 is the energy density of pure system and is a constant at the critical point. However in our numerical calculation on a N × N lattice, at the critical point the internal energy variation is proportional to log N . Moreover the heat capacity variation is proportional to N rather than log N . Hence the defect makes an unexpectedly large contribution.
Using renormalization group (RG) theory, we studied the influence of the defect on the thermodynamic quantities. Due to the long range correlation near the critical point, the defect changes the energy density across the whole system. We find that the internal energy variation is an integration of energy correlation, which gives rise to the specific heat. Then the internal energy variation is proportional to the specific heat of the pure system. Consequently the heat capacity variation is proportional to the temperature derivative of specific heat of a pure system. With operator product expansion (OPE) [3, 28] and conformal field theory (CFT) [5, 6] , we show these conclusions for the two dimensional Ising model explic- * Corresponding author. Email: wuxt@bnu.edu.cn itly. Then we use the scaling theory and RG to extend to common critical systems.
To test the above conclusions, we study the two dimensional Ising model on a finite size lattice with a site defect using bond propagation algorithm (BPA) [7] [8] [9] [10] [11] . The variations induced by the defect of the free energy, internal energy and heat capacity are calculated. The BPA results verify the RG and scaling argument about the internal energy and heat capacity variation.
In fact, the effect of defects on the critical phenomena has been studied 40 years ago [12] [13] [14] . However those studies focused on the average effect of many defects rather than a single defect. In addition, this study is not purely academic, but has potential practical use. The rapid development of Nano techniques makes it possible to study the critical phenomena on small size systems [15] [16] [17] . In the production of the samples, the defect is unavoidable usually. Therefore it is of interest to study the effect of a defect in a finite size system.
We arrange this paper as follows. In the section II, we present RG and scaling argument. In section III, we report the BPA results on the two dimensional Ising model with a defect. Section IV is a concluding remark and acknowledgement.
II. THE CRITICAL EXPONENTS OF THE INTERNAL ENERGY AND HEAT CAPACITY VARIATION
We shall prove generally that for a spin system with short range interaction in any dimension:
1. The critical exponent of the internal energy variation due to a site defect is the same as that of the specific heat of a pure system.
2. The critical exponent of the heat capacity variation is the same as that of the temperature derivative of specific heat of a pure system.
At first we show these conclusions for a two dimen- sional Ising model explicitly. Then we give a general scaling argument for common critical systems. Consider the two dimensional Ising model on a square lattice with a site defect. The Hamiltonian is given by
with J 01 = J 02 = J 03 = J 04 = 0 and all other bonds J ii ′ = 1. The summation is over the nearest neighbours. A 7 × 7 such lattice is shown in the Fig. 1 . We will study this model with BPA in the next section, so we also show the schematic of the BPA. Its partition function is given by
The Hamiltonian for the pure system is given by
and its partition function is given by
Define the variation of the Hamiltonian
To study the effect of the defect, we will calculate the variation of free energy defined by
where F = − ln Z and F 0 = − ln Z 0 ; the internal energy variation
where U = ∂F/∂β and U 0 = ∂F 0 /∂β; and the heat capacity variation
where
A. The RG and CFT argument for two dimensional Ising model with a defect For the free energy variation, we have
Here we introduce the notation
. Using the equation
where X = cosh β, Y = sinh β, we can expand e
where the coefficients are given by
The free energy variation is given by the average of these local variables. It is singular since F 0 is singular. We will show the singularity of the internal energy (derivative of δF ) variation explicitly.
For the internal energy variation we have
and
Then we get
Substituting equation (11) , we ignore it. The contribution to δU from the second term in Eq. (11) is given by
Here and below we neglect the denominator e −βδH 0 , which is a finite quantity and can be replaced by its value at the critical point. The quantity in the above equation is proportional to the specific heat of the pure system. The second non zero term in the expansion of δU related to the third term in Eq. (11) is given by
With OPE in RG we will show both terms in the above two equations are of the same order and proportional to the specific heat of a pure system. Generally, a product of two nearby basic operators is reducible as [3, 5, 6, 28] (17) where c αβ,γ are OPE coefficients. The sum is over all the scaling operators. The exact meaning of the above equation is defined by [5] 
The point is that, in the limit when |r 1 − r 2 | is much less than the separation between r 1 , r 2 and all the other arguments in · · · , the coefficients c αβ,γ are independent of what is in the dots.
For two nearby spin operators in two dimensional Ising model, we know the exact expansion from the conformal field theory (CFT) [6] 
where ǫ is the energy density operator, and · · · are irrelevant operators with larger scaling dimensions. The energy operator ǫ(r) is also called thermal operator. Note that ǫ is the operator for energy density minus its critical value, so ǫ(r) 0 = 0. Then σ i σ j with 1 ≤ i < j ≤ 4 in Eq. (16) can also expanded as linear combination of identity and energy density operators. Both Eq. (15) and (16) give rise to energy correlators. For a energy correlator,
where ξ ± is the correlation length for t > 0 and t < 0 respectively, and t is the reduced temperature.. From Eq. (19), we get their contribution of terms in Eq. (15), (16) to the internal energy variation
Considering that i, j are the neighbors of the defect and k, k ′ are neighbors, the approximation |R kk ′ − R 0i | ≈ |R kk ′ − R ij | ≈ r k is used, where r k is the separation between the spin k and the defect. One may note that in the summation of Eq. (15), (16) there are terms σ i σ j σ k σ k ′ 0 with the positions of σ k , σ k ′ are not far from the defect. For such terms, we can not get the simple energy correlators in the above equations. However the main contribution comes from those terms with σ k , σ k ′ far from the defect. For these terms, we can apply OPE to expand σ i σ j and σ k σ k ′ with Eq. (19) .
The left two terms in Eq. (11) are products of four operators. For the fourth term in Eq. (11), we take the term σ 0 σ 1 σ 2 σ 3 as an example. It can be expanded as
In this expansion, another relevant scaling operator σ does not exist because it has different symmetry with the product of four spin operators. The coefficients c σσσσ,I , c σσσσ,ǫ are functions of r 0 , r 1 , r 2 , r 3 . The position R 0123 = (r 0 + r 1 + r 2 + r 3 )/4 is a result by considerations of symmetry. It is obvious that |R 0123 | < 1. The explicit form of c σσσσ,I , c σσσσ,ǫ can be obtained from the calculation of 6-point correlation, say
where σ k , σ k ′ are nearest neighboring spins and far away from the defect, i.e. |r k |, |r k ′ | ≫ 1 [6] . However we don't need the explicit form of these coefficients here. Substituting it into Eq. (14), we get a energy correlator
′ are over the whole system. All the four spins terms in Eq. (11) can be dealt similarly. Therefore all the terms in δU are proportional to the integration of the energy correlator.
To be more explicit, we see the scaling further. At the critical point ǫ(0)ǫ(r) 0 ∝ 1/r 2 , then the summation over the system leads to
if the system size is N . Near the critical point, ǫ(0)ǫ(r 0 ∝ e −r/ξ± /r 2 . If N ≫ ξ, the summation over the system gives rise to
This is just the behaviour the specific heat of a pure system. Then we have
As we can see the influence of the defect on the internal energy is an integration of energy correlator, which gives rise the fluctuation of energy. The physical nature of specific heat is just the fluctuation of energy. Due to the long range correlation, the defect changes the energy density across the system. The critical exponent of the internal energy variation is the same as that of the specific heat of the pure system.
Since δC = ∂δU ∂β , it has
We simply get the heat capacity variation. Using finite size scaling [27] , at the critical point, we get
B. The general scaling argument for an isotropic system with a defect Consider a general model with short range interaction in d-dimension.
The basic operators, are the spins, for example,
The defect will break the bonds which connect to the defect. Generally we have
where S a are the all possible products of σ 0 σ i , i = 1, 2, 3, 4 are the four nearest neighbours of the defect, and b a are the coefficients. According to the OPE, these products of basic operators can be expanded as a linear combinations of scaling operators. That is to say S a can be expanded as
where φ k are the scaling operators and c ak are the OPE coefficients . The position r a can be determined according to OPE in Eq. (17) step by step. Because the position r i of the basic operators σ i at the defect and its nearest neighbours satisfy |r i | ≤ 1 if we set the lattice constant be the unit length, it should have |r a | ≤ 1. For the scaling operator φ k , the scaling dimension is x k = d − y k , where d is the spatial dimension and y k is eigenvalue of u k in the RG. At the critical point the correlation between two scaling operators φ k (0), φ l (r) decays as
in the limit of r → ∞. For a critical system, the most relevant operator are magnetic operator s(r) and thermal operators (or energy operators) ǫ(r). Their eigenvalues are y h and y t respectively and y h , y t > 0. The other scaling operators' eigenvalues are negative and hence irrelevant.
In the expansion Eq. (30), the magnetic operator s(r) is prohibited because of symmetry. We may classify the scaling operators as being even or odd under the symmetry σ i → −σ i . In the expansion Eq. (30), the scaling operators φ k (r a ) must be even. Besides the constant term, the first order term is the thermal operator ǫ(r a ). Then, for the internal energy variation defined in Eq. (14) , the leading term is a summation of energy correlator between the defect and other bonds. The correlator of thermal operators near the critical point behaves
where ν = 1/y t is the correlation length exponent and ξ ± ∼ |t| −ν . The correlators between thermal operator and other even scaling operators decays faster since the scaling dimension of other even operators are larger than thermal operator's.
Therefore at the critical point for a finite system with size N and N ≫ 1 , the internal energy variation is given by
where α = 2 − dν is the specific heat exponent, A is a constant, α = 0 is the logarithmic case. If ν ≥ 0, the constant term A is negligible, and δU is divergent as N → ∞. Otherwise A is the leading term and δU converges to A as N → ∞. For a finite system the specific heat at the critical point just scales as c(L) ∼ A + L α/ν . For away from the critical point and N ≫ ξ ± , we have
Similarly if ν ≥ 0, the constant term A ′′ is negligible, and δU is divergent as |t| → 0. Otherwise A ′′ is the leading term and δU converges to A ′′ as |t| → 0. In this case δU has a cusp. As we know for a pure system the specific heat scales as c ∼ A ′′ + |t| −α near the critical point. Therefore we have δU ∼ c.
For a finite system at the critical point [27] 
The above argument is quite general except we assumed that the system is isotropic, i.e. the correlator only depends on the separation between two points. Thus conclusions in Eq. (34) and (35) are valid for common isotropic systems.
III. NUMERICAL SOLUTION OF THE TWO DIMENSIONAL ISING MODEL WITH A DEFECT
To test the above conclusion, we calculate the internal energy variation and specific heat variation of two dimensional Ising model with a defect numerically. In the lattice shown in Fig. 1 , the boundary condition is open, i.e., we have four edges and four corners. For this kind of geometry, BPA is very efficient [7] [8] [9] [10] [11] . The sketch of BPA for this problem is also shown in Fig.1 . To keep the defect be the centre of lattice, we set the size be odd and the aspect ratios are also odd. In this way we can avoid the trouble stemming from the asymmetry.
BPA is very accurate and can be carried on lattices with extremely large sizes, say 2000 × 2000. With it, we have verified the CFT predictions on the corner free energy with free boundary condition [19, 20] . The result on the central charge of Ising model agrees with CFT in the precision of 10 −10 [9] . We also recover the aspect ratio dependence of the corner free energy in CFT theory accurately [9, 20] . The corner free energy with fixed boundary and mixed boundary condition has been studied by CFT recently [21] [22] [23] . With an extended BPA [24] , we verified these CFT prediction in the accuracy 10 −16 [25] . In the algorithms, the transformations preserve these quantities during every step. The accuracy is only limited by the machine's accuracy. With these algorithms, we can calculate the free energy, internal energy and specific heat with the same accuracy. As discussed in reference [8] , the time of calculation is proportional to L 2 × M if the lattice size is M × L. Then the accumulation of round-off error is proportional to L √ M . Therefore the accuracy can reach 10 −28 − 10 −29 for the lattice with a very large size 1000×1000 if all the variables are assigned in the quadruple precision format, in which the machine accuracy is 10 −33 . This has been shown in [11] . We apply the BPA to calculate the free energy and internal energy directly. For the heat capacity, we adapt a difference approximation. In fact, the BPA for the heat capacity on the usual lattice has been developed [11] . However, for the lattice with a defect, we meet an unknown problem in the BPA for the heat capacity. Therefore, we calculate the internal energy U (β + ∆β) and U (β − ∆β) and take [U (β + ∆β) − U (β − ∆β)]/(2∆β) as the approximate value of ∂U/∂β. In the numerical calculation, we set ∆β = 10 −11 and set all variables in quadruple precision format. Because the result of BPA for a lattice with 1000 × 1000 can reach 10
−29 , such a small difference ∆β = 10 −11 does not cause serious instability. Then we can get the specific heat variation in a very high accuracy.
A. At the critical point
At first, we calculate the variations at the critical point
To investigate the geometrical effect, we study the rectangle with size M ×N with the aspect ratios ρ = M/N = 1, 3, 5, 7, 11. As mentioned above to keep the defect be the centre of lattice, we set the size be odd and the aspect ratios are odd. For ρ = 1, 3, we calculate 65 data points with 31 ≤ N ≤ 1021. For ρ = 5, 7, 11, the number of data points are 63, 53, 45 respectively and the range of size 31 ≤ N ≤ 981, 781, 621 respectively. We fit the variations within finite size scaling.
We fit the free energy variation with
In our fitting it has k max = 12. This indicates that our numerical calculation is very accurate. The first term A 0 gives the defect's contribution to the free energy in the thermodynamic limit N → ∞. We show the first term for ρ = 1, 3, 5, 7, 11 in Tab. I. In the thermodynamic limit, the (bulk) free energy density for a pure Ising model (without the defect) is given by f bulk = 0.929695398 · · · at the critical point [2] . The contribution of the defect to the free energy is about A 0 /f bulk ≈ 1.5 times of the bulk free energy density. The other fitted parameters can be seen in appendix A. The high order corrections stem from the boundary and finite size effect. Only A 0 is boundary independent. That is to say, if someone solve this problem with periodic boundary condition, the A 0 should be the same and the higher order corrections may be different. The fitting method is the Levenberg-Marquardt method [26] for nonlinear fit. To characterize the ac- curacy of our fittings, we define the maximal deviation
where y i is the numerical data and y f it i is the value given by the fitting formula. We choose the maximum of the deviations from the data to the fitted ones to represent our fitting quality. For a given fitting formula , the deviations are given by the nonlinear fitting algorithm. We expand the the free energy, internal energy and specific heat to as high order as possible to make the δ max as small as possible. In every table of the fitting parameters, we give the maximum of deviation. For example, in Tab. I, δ max = 10 −22 . As mentioned above, the results of BPA for F, F 0 , U, U 0 are in an accuracy of 10 −28 −10 −29 . The fitting accuracies of δF, δU are about 10 −22 − 10 −23 . They are consistent because F, F 0 , U, U 0 are in order of 10 6 for 1000×1000 lattice, the first six digits of F, F 0 are cancelled in δF and it is the same for U, U 0 and δU . This is why the maximal deviations in Table I-X are 10 −22 −10 −23 . For heat capacity variation, we use δC ≈ [δU (β+∆β)−δU (β−∆β)]/(2∆β) and ∆β = 10 −11 , then the accuracy of δC should be in order of 10 −11 − 10 −12 , since the deviation of δU is multiplied by 1/∆β. In the fittings of δC, the maximal deviation is about 10 −12 as shown in Tables XI-XV. This is also consistent.
The internal energy variation can be fitted by the formula
In our fitting, k max is set to be 8. The leading term diverges logarithmically with the system size. This leading term is obtained from Eq. (23) . The coefficient of leading term B 10 is shown in Tab. II. As we can see the leading term is geometry independent, i.e. B 10 are the same for ρ = 1, 3, 5, 7, 11 in the error range < 10 −15 . The higher order terms can be seen in the appendix B. B 10 should be independent of the boundary condition. Therefore, if someone solve this problem with periodic boundary condition or other boundary condition, the B 10 should be the same and the higher order corrections may be different.
We fit the heat capacity variation in the following way In our fitting, k max is set to be 6. The leading term C −1 and C 20 are shown in Tab. III. The heat capacity variation shows a more dramatic effect. It diverges linearly with the size! This leading divergent term is obtained from Eq. (27) in the last section. The coefficients of this linear term depend on the aspect ratio ρ, i.e. they are geometry dependent. The next leading term is C 20 ln 2 N . Contrary to the first leading term, this term C 20 is independent of the aspect ratio, at least in the error range. The other fitted parameters can be seen in the appendix C. This fitting formula, especially for the term ln 2 N , is a bit strange. We have tried many different formulas to fit the data. Only with this formula, we can fit the data with the smallest deviation.
One may note that the geometry in our consideration as shown in Fig. 1 has open boundary: open edges and sharp corners. These boundaries will produce edge terms and corner terms [9, 27, 28] . However, in our situation, the boundary effects are cancelled exactly since both F, U, C and F 0 , U 0 , C 0 contain the same boundary terms. We have expanded F, F 0 separately and found that their edge terms are the same and so are their corner terms. It is the same for U, U 0 and C, C 0 . Hence in δF, δU, δC there are no boundary terms.
From the fitting at the critical point, we get δU ∼ ln N and δC ∼ N . This verifies the conclusions given in Eq. (23) and (27) .
B. Temperature dependence of the variations
To study the finite size scaling, we calculate the variations for square lattices with size N = 101, 201, 401, 801. Fig. 2 shows the variation of the free energy in the critical regime for square lattice with these sizes . In order to see the ratio between δF and the bulk free energy density f bulk , we also show the bulk free energy density [2] with black line in Fig. 2a . Near the critical point, the ratio δF/f bulk is about 1.5 for N > 100. As we can see these results almost coincide except for very small t because the lattice sizes are very large. Fig. 2b shows the convergence of the results of different size at very small t.
It is should be emphasized that we use directly the reduced temperature t = (T − T c )/T c , where T c = 2/ ln(1 + √ 2) = 2.2691853 · · · is the infinite volume T c . Because the lattice sizes N = 101, 201, 401, 801 are large enough so that the finite-size critical temeprature is very well described by the infinite volume T c .
To verify Eq. (24) and (26) with the the finite size scaling, we also study the dependence of the variations on the temperature. Fig. 3 shows the internal energy variation for the lattices with size N = 101, 201, 401, 801. Fig. 3a shows the logarithmic divergence. In order to show this divergence more clearly, we show the part for t > 0 and t < 0 in Fig. 3b and 3c respectively. The linear dependence of the variation on the ln |t| can be seen. As the size increases, the linear region grows. Fitting the linear parts for N = 801, we get
where B ′ = 1.888(4) for 0.003 < t < 0.1 and B ′ = 1.68(5) for 0.003 < |t| < 0.1 and t < 0. This agrees with the expansion at the critical point, where B 10 = 1.75 · · · . Fig. 4 shows the specific heat variation for the lattices with size N = 101, 201, 401, 801. Fig. 4a shows the global feature in the critical region. The diverging trend as t approaches 0 can be clearly seen. In order to show this divergence more clearly, we show the part for t > 0 and t < 0 in Fig. 4b and 4c respectively. The linear dependence of the variation on the |t| −1 is shown. As the size increases, the linear region grows. Fitting the linear parts for N = 800, we get
where C ′ = 1.8 for t > 0 and C ′ = 1.5 for t < 0. As we know, near the critical point it has c ∼ ln |t| and ∂c ∂t ∼ |t| −1 for the two dimensional Ising model [2] . The finite size scaling near the critical point verifies the conclusions given in Eq. (24) and (26) again.
IV. SUMMARY AND ACKNOWLEDGEMENT
We show general properties for the critical systems with a single defect. The internal energy variation is proportional to the specific heat of the pure system and the heat capacity variation is proportional to the temperature derivative of the specific heat. The numerical calculation for two dimensional Ising model with a site defect verifies these properties. We present a theoretical approach to describe a very small consequence on thermodynamic quantities of a defect and their FSS relations although the numerical variations are very small
The effect of a defect is relatively small if the system is macroscopic. However if the system size is small, the defect's effect becomes remarkable. Besides, there are some advantages in measuring δU, δC.
1. To find the defect'e effect, the relative accuracy needs not to be so high. For example, consider a 100 × 100 lattice (made with cold atom technique). For a noncritical system, if one atom is removed, the effect can be discovered only if the relative accuracy reaches 1/10000. However, if the system is Ising-like and at the critical point, the effect can be discovered if the relative accuracy of heat capacity reaches about 1/570. This is because the total heat capacity is about 0.45 × 10000 × ln100 and the variation of the heat capacity is 0.37 × 100 according to our numerical result.
2. Another remarkable feature of δC is that it changes sign as the temperature crosses the critical temperature.
3. The boundary effects are cancelled in δU because U, U 0 have the same boundary effects. It is the same for δC.
Modern nano technology and technology of cold atom makes it possible to test these predictions. We are expecting the experiments on this topic.
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